The atomistic origin of the atomic vacancy or nanocavity induced hardening in hollow nanotubes and nanoporous structures has long been a puzzle. An analysis from the perspective of bond-orderlength-strength correlation mechanism ͓C. Q. Sun, Prog. Solid State Chem. 35, 1 ͑2007͔͒ has led to solutions that show that the shortened and strengthened bonds between the undercoordinated atoms in the negatively curved surface skins dominate the observed nanocavity strengthening and thermal instability of the porous structures. It is suggested that the broken bond derived local strain and quantum trapping and the associated energy densification provide pinning centers for inhibiting atomic dislocations and that the broken bond induced cohesive energy dropping dominate the thermal instability. On the other hand, nanocavities also provide sites that initiate the structure failure under plastic deformation. The agreement between predictions and the experimentally observed size dependence of mechanical strength of some nanoporous materials and the well-known phenomenon of hollow tube strengthening evidences for the proposed mechanism.
I. INTRODUCTION
It is expected that atomic vacancies or nanometric cavities reduce the number of chemical bonds of atoms nearby and, hence, the mechanical strength of the entire body of a hollow or a foamed structure. However, the hardness of a material with pores at the nanometer scale does not follow this picture of coordination counting unless an excessive amount of cavities 1 is involved or the pores are too large. The mechanical strength of metallic foams with micrometersized pores follows exceedingly well the well-known scaling laws of porosity induced strength weakening. [2] [3] [4] [5] [6] It has long been realized 7, 8 that atomic vacancies or point defects could instead act as pinning centers that inhibit the motion of dislocations and, hence, enhance the mechanical strength of a material with a certain amount of defects with a physical origin that is yet unclear. Introduction of a limited amount of atomic vacancies or nanocavities could also enhance the mechanical strength of porous specimens. For instance, the hardness of FeAlN is proportional to the square root of the concentration of nitrogen vacancies 9 and the hardness of WAlC monotonically increases up to a maximum at 35% carbon vacancies.
1 Fracture measurement and modeling analysis indicated that a small number of atomic defects could modulate the strength of WS 2 nanotubes. 10 More recently, Wu and Dzenis 11 investigated the size effect on the elastic behavior of solid and hollow polymer nanofibers under uniaxial tension and they found that the fiber radius has an appreciable effect on the elastic response of polymer nanofibers. The smaller the fiber diameter is, the stronger the fibers will be.
Comparatively, a hollow nanofiber shows a greater stiffening effect with increasing axial stretch than the solid fiber of the same diameter, suggesting the significance of the negatively curved interior fiber skin. Carbon nanotubes with impurity-free atomic shells are ideal cases of cylindrical nanocavities that are much stronger than the bulk materials unless excessive defects are involved in the wall of the single-walled tubes. 12, 13 For instance, introduction of vacancies to unreconstructed single-walled nanotubes will decrease the tensile strength and critical strain of the nanotubes by nearly a factor of 2.
14 The excessive defects on the wall act as centers that initiate mechanical failure. A theoretical calculation 15 of the tensile strength of nanotube mats and fibers predicted that the stiffness and strength of the mats can be increased by at least an order in magnitude through small dose irradiation with energetic particles to break some bonds and generate some new interlayer bonds of the nanotubes. 16 The internal stress of an amorphous carbon film can also be raised from 1 to 12 GPa by producing nanometric pores by using noble gas ͑Ar, Kr, and Xe͒ bombardment during film deposition. [17] [18] [19] [20] One nanometer-sized gas bubble production by He implantation also enhances the hardness of Ni films from 1.1 to 8.3 GPa and the yield stress from 0.15 to 2.9 GPa. 21 Nanofoamed materials that can be envisioned as a threedimensional network of ultrahigh-strength nanowires or ligaments or spherical holes in the matrix are measured to be stiffer at low temperatures and tougher at raised temperatures compared to bulk crystals. [22] [23] [24] [25] [26] Typically, the surface of an open-celled Au foam of an ϳ30% relative density is stronger than the foam interior and the foams made of smaller ligaments are even stiffer compared to the bulk. [27] [28] [29] [30] The hardness of an open-cell nanoporous Au has a value of some ten times higher than the hardness 31 predicted by the scaling laws [2] [3] [4] [5] [6] for micrometer-sized porous structures. The compacted nanocrystalline Au ligaments exhibit an average grain size of Ͻ50 nm with hardness values ranging from 1.4 to 2.0 GPa, which are up to 4.5 times harder than the polycrystalline Au. 32 An extrapolation 33 of the yield strength in the Hall-Petch relation ͑HPR͒ at submicron scales to the scaling laws for foamed materials has yielded the strength of 15 nm diameter ligaments to be 1.5 GPa, which is close to the theoretical strength of Au. Similarly, the strength of Al foams can be increased by 60%-75% upon thermal treatment and age hardening after foaming. 34 The Al foam is found to be twice as strong as pure Al, and the hardness decreases with increasing temperature. 35 However, the porous structure is thermally less stable. The local melting temperatures show a strong dependence on the void size. 36 Despite these exciting prospects, a consistent understanding of the mechanical strength and the thermal instability of voided structures at the nanoscale is highly desirable. 37 Here, we show with analytical solutions that the shortened and strengthened bonds between the undercoordinated atoms in the negatively curved surface skins dominate the observed nanocavity strengthening and thermal instability.
II. PRINCIPLE

A. Extended bond-order-length-strength correlation
Because the mechanical behavior of a surface is quite different from that of the bulk interior, [38] [39] [40] the effective elastic constants of a nanofoam need to be considered in terms of a three-phase structure, i.e., the bulk matrix, the voids, and the interface skins between voids and matrix 41 ͑see Fig. 1͒ . The effects of pore size, bond nature, temperature, and, in particular, the large portion of the undercoordinated atoms play significant roles in the mechanical properties of porous materials.
The bond-order-length-strength ͑BOLS͒ correlation mechanism 42, 43 indicates that if one bond breaks, the neighboring ones become shorter and stiffer. As such, a local strain and a potential well of trapping are generated at sites surrounding the broken bonds or at the surfaces of various curvatures. Naturally, the undercoordinated atoms surrounding atomic vacancies, point defects, nanocavities, and voids in nanofoams exactly perform the same to the undercoordinated atoms at the positively curved surfaces of nanostructures or at a flat surface despite the slight difference in the coordination environment. The extent of mechanical enhancement or thermal stability depression is determined by the portion of such undercoordinated atoms. Therefore, we can extend the BOLS correlation mechanism to the negatively curved surfaces of porous structures.
B. Analytical expressions
Surface-to-volume ratio
Considering a sphere of K radius with ͑n +1/ 2͒ spherical cavities of L radius, as illustrated in Fig. 1 , lined along the radius, the total number of voids is 4͑n +1/ 2͒ 3 / 3. K and L are the dimensionless forms of size representing the number of atoms lined along the radius of the sphere and the hollow void, respectively. For a hollow sphere ͑n =0͒ with only one void in the center, this expression needs a slight revise. We can estimate the matrix volume V 0 occupied by atoms, the volume sum of the negatively curved skins of all the voids and the outermost surface skin of the sphere, V i , the porosity p, and the mass density f by using the following relations:
where C iL and the C iK represent the bond contraction coefficients for negatively curved surfaces of the L-sized voids and the positively curved surface of a K-sized sphere, respec-
Schematic illustration of the surface-to-volume ratio of a sphere with 4͑n +1/ 2͒ 3 / 3 cavities and the three-phase structures, i.e., voids, skins, and the matrix. Only atoms in the dark skins contribute to the property change yet atoms in the core matrix remain as they are in the bulk.
tively. The subscript i denotes the atom in the ith atomic layer counted from the surface to the center of the solid.
For the curvature dependence of the effective atomic coordination ͑CN͒, an empirical relation could be derived from Refs. 44 and 45 for metals and silicon by assuming the effective bulk value of 12, z 1 = 4͑1 Ϯ 0.75/K͒, z 2 = z 1 + 2, and z iՆ3 = 12.
͑2͒
The ͑−͒ sign is for the positively curved surfaces and the ͑+͒ sign for the negatively curved surfaces. The effective bulk CN is different from the apparent CN such as in the diamond structure of Si. The diamond structure is actually an offset of two fcc lattice, so the effective bulk CN is 12 instead of 4. For a flat surface, the apparent CN is 4 rather than 6. Considerable experimental evidence shows that the first atomic layer contracts by around 10%-15%, which corresponds to an effective CN of 4 ͑for further discussion, please refer to Ref. 42͒. Even at a liquid Sn surface, a 10% contraction of the spacing between the first and the second atomic surface layers was detected by using the x-ray reflectivity measurements. 46 The accuracy of Eq. ͑4͒ may lead to a slight deviation in estimation but not the nature of the phenomenon.
The ratio between the volume sum of the skins and the volume of the matrix can be expressed in a vector form,
The parameters n, L, and K are constrained by the relation 2͑L +1͒͑n +1/ 2͒ Յ K − 1 because a limited number of cavities can be lined along the radius K. The term 2͑L +1͒ represents the diameter of the void including the one layer of surface skin and K − 1 represents the radius of the sphere without the skin surface. This expression covers situations of a solid sphere and a sphere with uniformly distributed cavities of the same size. A similar form for the hollow sphere is also given with a minor correction for the general expression. This expression can be extended to a solid rod, a hollow tube, and a porous nanowire as well.
With the derived surface-to-volume ratio, r i ͑n , L , K͒, and the given expressions for the density of a certain quantity Q at the specific ith atomic layer site, 42 
readily predict the size, cavity density, and temperature dependence of a detectable quantity Q of a system by using the given scaling relation
The sum is over the outermost two atomic layers from the vacancy to the center of the matrix because the coordination deficiency is negligible for i Ͼ 3.
Thermal stability and elasticity
It is understood that the local melting point T mi at a specific atomic site is proportional to the atomic cohesive energy, or the product of the atomic CN and the cohesive energy per bond, T mi ϰ z i E i , and that the local elastic modulus is proportional to the energy density, Y i ϰ E i / d i 3 . 42 With the given relations for T mi and Y i , we can estimate the relative changes in T m and Y of a nanovoided specimen to those of the bulk by using the local bond average method represented with Eq. ͑4͒,
where m is the bond nature indicator and E b ͑0͒ is the cohesive energy per bond at 0 K. z iLb = z iL / z b and z iKb = z iK / z b with z b = 12 as the effective bulk standard of atomic CN. 1 ͑t͒ is the specific heat per bond, which was assumed to follow the Debye approximation. In reality, 1 ͑t͒ deviates from the ideal Debye approximation by several percentages. 42 The integration ͐ 0 T 1 ͑t͒dt is the internal energy of the specific bond, or the thermal energy for bond vibration. The calculation sums over the skin of the two atomic layers.
Inverse Hall-Petch relationship
Mechanical strengthening with grain refinement in the size range of 100 nm or larger has traditionally been rationalized with the so-called T-independent HPR that can be simplified in a dimensionless form normalized by the bulk strength, ͑ϱ͒, measured at the same temperature and under the same conditions:
The slope A is an adjustable parameter for experimental data fitting, which represents both the intrinsic properties and the extrinsic artifacts such as defects, the pileup of dislocations, shapes of indentation tips, strain rates, load scales, and directions in the test. As the crystal is refined from the micrometer regime into the nanometer regime, the classical HPR process invariably breaks down and the yield strength versus grain size relationship markedly departs from that seen at larger grain sizesinverse HPR ͑IHPR͒ occurs. With further grain refinement, the yield stress peaks in many cases at a mean grain size on the order of 10 nm or so. A further decrease in grain size can cause softening of the solid instead, and then the HPR slope turns from positive to negative at a critical size, or the socalled strongest grain size. 47 The IHPR can be expressed as 48 ͑K,T͒ ͑ϱ,T͒
where AЈ is a prefactor and T m ͑K͒ represents the melting point of the porous structure T m ͑m , n , K , L͒ and T m ͑ϱ͒ is for the bulk. The reduced bond length is given as
The two parts in Eq. ͑7͒ represent that the IHPR originates from two competitions. One is the extrinsic competi- FIG. 2 . ͑Color online͒ Prediction of the bond nature dependence of the critical pore size below which the total energy stored in the atomic shells of the hollow sphere is greater than the energy stored in an ideal bulk of the same size. m is the bond nature indicator, which is optimized as 2.56 for carbon ͑Ref. 12͒ and 4.88 for silicon ͑Ref. 42͒.
FIG. 3.
Relationship between ͑a͒ the number of cavities and the porosity and ͑b͒ the relationship between the porosity and the surface-to-volume ratio for different pore sizes ͑L͒ in a K = 600 sized sphere. tion between activation ͑ϰ exp͓T m ͑K͒ / T͔͒ and prohibition ͑ϰAЈK −1/2 ͒ of atomic dislocations and the other is the intrinsic competition between the temperature-dependent energydensity-gain ͑ϰ͓T m ͑K͒ − T͔ / d 3 ͑K͒͒ in the surface skin and the residual cohesive energy ͓ϰT m ͑K͔͒ of the undercoordinated surface atoms. The activation energy is proportional to the atomic cohesion, which drops with solid size, whereas the prohibition of atomic dislocation arises from dislocation accumulation and strain gradient work hardening, which increases with the indentation depth. As the solid size is decreased, a transition from dominance of energy-density-gain to dominance of residual cohesive energy occurs at the IHPR strongest size because of the increased portion of undercoordinated atoms. During the transition, contributions from both processes are competitive.
III. RESULTS AND DISCUSSION
A. Energy storage in hollow structure: Critical size
Assuming a hollow sphere of K exterior radius with a shell of C 1L + C 1K thick, or three contracted atomic layers, we have the total energy stored in the shell skin at 0 K in comparison to that stored in an ideal solid sphere without surface effect as
Calculations were conducted based on the given C i ͑z i ͒ relation and the curvature dependent z i values in Eqs. ͑1͒ and ͑2͒.
From the results shown in Fig. 2 , we can find the critical size below which the total energy stored in the shell of a hollow sphere is greater than that stored in a solid sphere of the same size. The estimation indicates that the critical size is bond nature dependent. The critical radius for a hollow sphere are estimated to be K = 12, 16, and 20 for m =1 ͑metal͒, 3 ͑car-bon, 2.56͒, and 5 ͑Si, 4.88͒, respectively. Similarly, for hollow tubes, the corresponding critical K values are estimated at 7, 10, and 14. For a single-walled hollow structure, the integration crosses only the diameter of the wall atom. It is emphasized that the elasticity of the shell is always higher than that of the bulk interior because elasticity is proportional to the energy density, C i −͑m+3͒ . However, in plastic deformation, a hollow sphere could be tougher than a solid bulk structure because of the long range effect in the indentation deformation test. No dislocation accumulation occurred in the direction of the surface normal of the walls. On the other hand, the thermal stability of a hollow nanosphere is always lower than that of a solid sphere because of the high portion of the undercoordinated atoms. Figure 3 shows the surface-to-volume ratio as a function of porosity and the relative size of L / K. It can be seen that the smaller the cavities are, the larger the values of the surface-to-volume ratio are. Calculations of the Y and T m were conducted by using a fixed value of sphere radius K = 600 with different L and n values and a fixed m = 1 for metals. Figure 4 shows that T m drops when the porosity is increased; at the same porosity, a specimen with a smaller pore size is thermally less stable. Young's modulus increases with the porosity and Young's modulus of a specimen with smaller pores increases faster. The predicted trends of thermal stability and strength agree well with the experimental   FIG. 4 . Prediction of the porosity dependence of ͑a͒ T m and ͑b͒ Y with different pore sizes in a K = 600 porous specimen.
B. Porosity dependence of elasticity and thermal stability
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observations of the size-dependent mechanical properties of nanoporous Au ͑Refs. 32 and 49͒ and the polymer hollow fibers. 11 It is important to note that there exists a limit of porosity because of the constraint as discussed above.
C. Plastic deformation
In dealing with plastic deformation by using IHPR, we may introduce an effective KЈ for the effective size and the following relation to find the effective volume by excluding the pore volume in the specimen: Figure 5͑a͒ shows the predicted IHPR as a function of L for 10Ͻ K Ͻ 600 specimens. Compared to the situation of a single nanoparticle, the strongest size is significantly reduced for foams. Figure 5͑b͒ compares the predicted room temperature IHPR ͑Ref. 12͒ to the measured strength of the ligaments in Au foams. HPR is the classical HPR showing linear dependence of flow strength with the inverse square root of particle size. IHPR 2 and IHPR 1 are the IHPR with and without involving the intrinsic competition of energy density and atomic cohesive energy, as discussed in Eq. ͑7͒. The scattered data for Au ligaments smaller than 5 nm deviate from the predicted IHPR. One possibility is the surface chemical passivation effect because of the higher chemical reactivity of small particles. Chemical passivation alters the nature of the surface bond that will enhance the strength of the bonds. A combination of the present IHPR with the scaling laws for foamed materials may describe the observed trends at larger porosities.
According to the currently developed understanding, the magnitude of T m − T, or the ratio T / T m , plays a key role in determining the relative strength. The T m of Al ͑933.5 K͒ is lower than that of Au ͑1337 K͒, which explains why the relative strength of Al foam to Al bulk is lower than that of Au.
D. Further evidence
The fact that the enhancement of the internal stress of a-C films can be done by changing the sizes of nanopores through the bombardment of noble gases ͑Ar, Kr, and Xe͒ ͑Refs. 17 and 18͒ and that of Ni films by He-gas bubble production 21 could provide further evidence for the proposed mechanism for nanocavity hardening. The voided amorphous carbon films have a uniquely intrinsic stress ͑ϳ12 GPa͒ that is almost one order in magnitude higher than those found in other amorphous materials, such as a-Si, a-Ge, or metals ͑Ͻ1 GPa͒. 50 By using extended near-edge x-ray-absorption fine structure and x-ray photoelectron spectroscopy, Lacerda et al. 17 investigated the effect of the trapping of noble gases in the a-C matrix on the internal stress of a-C films and the energy states of the trapped gases. They found that the internal stress could be raised from 1 to 11 GPa by controlling the sizes of the pores within which noble gases are trapped. Meanwhile, they found an ϳ1 eV lowering ͑smaller in magnitude͒ of the core-level binding energy of the entrapped gases associated with a 0.03-0.05 nm expansion of the atomic distance of the trapped noble gases. The measured core-level shift is of the same order as those measured for noble gases implanted in Ge, 51 Al, 52 and Cu, Ag, and Au, 53, 54 and Xe implanted in Pd hosts. 55 The interatomic separation of Ar ͑Xe͒ increases from 0.24 ͑0.29͒ to 0.29 ͑0.32͒ nm when the stress of the host a-C is increased from 1 to 11 GPa. 56 Comparatively, an external hydrostatic pressure around 11 GPa could suppress the interplanar distance of microcrystalline graphite by ϳ15%, 57 gathering the core/valence electrons of carbon atoms closer together. The resistivity of a-C films decreases when the external hydrostatic pressure is increased. 58 These results are in agreement with the recent work of Umemoto et al., 59 who proposed a dense, metallic, and rigid form of graphitic carbon with similar characteristics. The effect of hydrostatic pressure is very much the same as the pore-induced internal stress using noble gas sputtering and implanting.
The binding energy weakening and atomic distance expansion of the entrapped gases clearly indicate that the gasentrapped pores expand in size and the interfacial C-C bonds contract because of the bond order loss of the interfacial C atoms, which contribute to the extraordinary mechanical strength of the entire a-C films. The pore-induced excessive stress is expected to play the same role as the external hy- FIG. 5 . ͑Color online͒ Prediction of ͑a͒ the IHPR for nanoporous Au spheres with radius varying from 10 to 600 with different numbers and sizes of the pores and ͑b͒ comparison of the predicted IHPR of Au with the measured data 1 ͑Ref. 28͒, data 2 ͑Ref. 27͒, data 3 ͑Ref. 31͒, and data 4 ͑Ref. 33͒. The ligament size x͑K −1/2 ͒ is derived from Au foams with the modified scaling relation of Gibson and Ashby ͑Ref. 2͒. The curve denoted HPR is the classical HPR and the curves denoted IHPR 2 and IHPR 1 are, respectively, the inverse HPR with and without the intrinsic competition of cohesive energy and energy density being involved, as discussed for the nanoparticles in the context. drostatic pressure that cause densification, metallization, and strengthening of the graphite by lattice compression.
The stiffness and strength enhancement of a nanotube and fiber mats by irradiation with energetic particles 15,16 also provides further evidence for the BOLS mechanism. The bombardment by energetic particles could break the existing intrawall bonds and generate interwall bonds. The broken bonds cause the local strain and trapping and the new interwall bonding will enhance the layer interaction compared to the initially weak interwall bonding. Both the broken bonds and the newly generated bonds contribute to the strength of the irradiated specimen.
Recent analysis 11 suggests that the coupling of the surface tension between the exterior and interior surfaces of the hollow tube dominates the strength of polymer hollow fibers. It has also been suggested that 60 the presence of two unsaturated electronic bands near the Fermi level oppositely responding to shear stress enhances the hardness of the voided systems. The mechanisms of surface tension coupling 11 and density variation 60 are favored by the currently discussed BOLS correlation mechanism, indicating that a given density of states will shift to a lower energy because of the broken bond depressed potential well of trapping.
IV. CONCLUSION
It is concluded that the undercoordinated atoms in the negatively curved surfaces of atomic vacancies, point defects, nanocavities, and syntactic foams are responsible for the strain hardening and thermal stability depression of negatively curved systems, being the same by nature to those in positively curved systems, such as nanorods, nanograins, and flat surfaces. Numerically, negatively curved systems differ from zero-or the positively curved systems only by the fraction of the undercoordinated atoms and the coordination environment that determines the extent of BOLS induced property change. Therefore, all derivatives and conclusions for a flat surface and a positively curved surface apply to negatively curved ones without needing modification though quantitative information can be both experimentally and theoretically obtained. It is also concluded that the nanopores play dual roles in mechanical strength. The smaller pores act as pinning centers because of the strain and the trapping; the larger pores provide sites for initiating structure failure under indentation test.
Note added in proof. While proofing this article, we have become aware of the findings of coordination dependence of Au-Au bond contraction ͓61͔ that extends only to the outermost two atomic layers of the nanocrystals and the finding that the Au-Au bond contraction depends less on the type of substrate support ͓62͔. Low-temperature scanning tunneling microscopy/spectroscopy measurements and density functional calculations ͓63͔ revealed that the occupied density-ofstates for Co nanoislands on Cu͑111͒ surface exhibit a sizable downward energy shift associated with bond contraction as the island size decreases, providing direct evidence for the strain-induced edge trapping. These findings fall excitingly within the currently discussed BOLS quantification and also provide evidence for the accuracy and reliability of the BOLS correlation.
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